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Nonlinear frequency conversion is promising for manipulating photons with orbital angular

momentum (OAM). In this letter, we investigate the second harmonic generation (SHG) of light

beams carrying fractional OAM. By measuring the OAM components of the generated second

harmonic (SH) waves, we find that the integer components of the fundamental beam will interact

with each other during the nonlinear optical process; thus, we figure out the law for topological

charge transfer in frequency doubling of the fractional OAM state. Theoretical predictions by

solving the nonlinear coupled wave equations are consistent with the experimental results.

Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4964712]

Light beams carrying orbital angular momentum

(OAM)1 have attracted increasing attention in the past years

due to the wide applications in optical tweezers,2 optical

trapping,3 imaging,4 and information processing.5,6 To

imprint OAM onto light beams, several methods have been

exploited, including spiral phase plates,7 Q-plates,8,9 diffrac-

tion gratings,10 and manipulation of modes in laser cavities11

and on meta-surfaces.12 Besides, nonlinear frequency con-

version has been proved to be an alternative for generating

OAM states with higher order and shorter wavelengths.13–19

In general, the topological charge of OAM state can be either

integer or fraction. In most of the work on nonlinear fre-

quency conversions with an integer OAM input, the topolog-

ical charges were reported to be conserved. While work on

nonlinear frequency conversion of fractional OAM state are

rare. Using light beam carrying fractional OAM state as the

pump, very high-dimensional spatial entanglement of twin

photons was experimentally demonstrated through spontane-

ous parametric down-conversion, which will have applica-

tions in high-capacity quantum communications.20 As for

frequency up-conversions, in Ref. 21, second harmonic gen-

eration (SHG) of the fractional OAM state was investigated,

confirming the OAM conservation selection rule by analyz-

ing the recorded second harmonic (SH) field. The fractional

OAM state is a superposition of infinite integer OAM

modes,22 so, in principle, the nonlinear frequency conversion

of the fractional OAM state should be more complicated

compared with that of a pure integer OAM state. In this

paper, we investigate SHG of the fractional OAM state using

the coupled wave equations, taking into account the interac-

tions between the integer OAM components. Experimental

results on measuring the topological charge distribution of

both the fundamental wave (FW) and SH waves were in

good agreement with the theoretical predictions.

Assuming the field of the integer OAM component of

the FW to have the form E
ðnÞ
i ¼ B

ðnÞ
i ðzÞu

ðnÞ
i ðq; zÞeinueikiz,

where B
ðnÞ
i is the field amplitude, u

ðnÞ
i is the transverse field

distribution, n is the topological order, and ki is the wave

vector. Substitute E
ðnÞ
i into the well-known coupled wave

equations in the textbooks,23 a set of coupled wave equations

can be written to describe the SHG of the fractional

OAM state (see the supplementary material for detailed

derivations)

dB lð Þ
3
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¼

Xþ1

n;m¼�1

ix3

n3c
deffB

nð Þ
1 B

mð Þ
2 c 1;2ð ÞeiDkzei nþm�lð Þu; (1)

dB
nð Þ

i

dz
¼

Xþ1

l;m¼�1

ixi

nic
deffB

lð Þ
3 B

� mð Þ
j c j;3ð Þe�iDkze�i nþm�lð Þu: (2)

In the equations, l¼…�2, �1, 0, 1, 2… is the topological

charge of the integer OAM component of the SH wave,

m; n¼…�2, �1, 0, 1, 2… represent that of the FW. To

ensure OAM conservations, l ¼ mþ n is required. The index

i; j ¼ 1; 2 (i 6¼ j) represents the integer components of the FW,

while 3 represents that of the SH. xi is the angular frequency,

ni is the refractive index, and c is the speed of light, respec-

tively. deff is the nonlinear coefficient of the second-order non-

linear optical process. It is dispersive and is dependent on the

polarization of the electrical field of the interacting waves.

Dk ¼ kSH � 2kFW is the wave-vector mismatch between the

SH and the FW, and this wave-vector mismatch can be com-

pensated for if phase-matching techniques are exploited.24 c is

the spatial overlapping integral between the interacting waves,

and the definition is clarified in the supplementary material.

The experimental setup is mainly composed of three

parts, as shown in Figure 1. The first part is to prepare the

FW carrying fractional OAM, including a nanosecond laser

operating at 1064 nm, a beam expander, a phase-only spatial

light modulator (SLM), and a Fourier-transform system. The

fractional helical wave-front is imprinted on the FW with the

SLM which can display a computer calculated holograms.25

An aperture was placed in the Fourier plane after the SLM to

select the desired diffraction order. In the second part, fre-

quency doubling of the incident wave is performed at room
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temperature in a periodically poled LiNbO3 (PPLN) crystal

with a poling period of 6.8 lm. Since the modulation effi-

ciency of SLM is dependent on the polarization of the inci-

dent light, a half-wave plate is used to rotate the polarization

direction after filtering the fundamental infrared wave. The

third part is designed to measure the distribution of the OAM

components of the SH waves, and the method is described

in the following. By reflecting the SH wave at the second

phase-only SLM, a spiral phase profile expð�imuÞ would be

imprinted on the beam wave-front. According to Ref. 26, on

the Fourier plane of the reflected field, the photons carrying

OAM of þm�h will give a bright spot at the center position

of phase singularity, while the other OAM components will

still have an annular intensity distribution around the singu-

larity. The focusing length of the Fourier lens is about 50 cm,

and the typical diameter of the central bright spot is around

60–70 lm.The intensity of the corresponding OAM compo-

nent can be measured with a power-meter by putting an aper-

ture aligned to the singularity on the Fourier plane, ensuring

only the central bright spot passing through the aperture. The

aperture size is chosen to be slightly larger than the central

spot and we adjusted the aperture size when measuring dif-

ferent orders of integer OAM components.

In the experiment, the topological charge M of the

incident FW was chosen to be 4.5 and 4.7 for comparison.

We captured the intensity profiles of both the FWs and

the corresponding SH waves, as shown in Figure 2. From

Figures 2(a) and 2(c), we can find that the intensity profile

of the beam carrying non-integer OAM is not a perfect ring

and a dark stripe exists.27 Meanwhile, the patterns of the SH

waves shown in Figures 2(b) and 2(d) are not completely

circularly distributed when the topological charge of the FW

is a non-integer. The results indicate that the SH wave

generated in the experiment might have more than one

OAM component.

Figure 3 gives the theoretical and experimental OAM

distributions of the FW and SH waves, respectively, for both

cases with different input fundamental states. The experi-

mental data were measured based on the third part described

in the experimental setup. The theoretical OAM spectra of

the fundamental waves, shown in Figures 3(a) and 3(b), were

calculated according to Pm Mð Þ ¼ sin2ðlpÞ
ðM�mÞ2p2

.22 In the formula,

PmðMÞ is the probability of any integer state m for a frac-

tional state M, and l 2 ½0; 1Þ is the fractional part of M.

From the figure, we find that the components at m¼ 4 and

m¼ 5 have the maximum probability for M¼ 4.5, while

for M¼ 4.7, most of the energy is concentrated on m¼ 5.

The theoretical OAM distributions of the SH waves were

obtained by numerically solving the coupled wave equations

in the above. During the calculation, only four dominant

integer components of the input fractional OAM state were

taken into consideration. It is reasonable for this approxima-

tion, because the probabilities are peaked around the nearest

integer to M. The polarizations of the 1064-nm FW and the

532-nm SH were both along the c-axis of the LiNbO3 crys-

tal; thus, the nonlinear coefficient used in the simulations is

chosen to be about deff ¼ 34:3 pm=V.28 The values of all the

spatial overlapping integrals used in simulations are listed in

Table I.

From Figure 3(c) we can see, for the FW carrying topo-

logical charge M¼ 4.5, the SH wave has a major OAM

component at l¼ 9 which resulting from the sum of the

two dominant OAM component 4 and 5 of the FW. While for

the two side peaks locating at l¼ 8 and l¼ 10, they come

from a doubling of the two dominant components of the FW,

respectively. At a fixed nonlinear coefficient, the nonlinear

conversion efficiency is proportional to the intensities of the

interacting waves as well as the spatial overlapping integrals.

There are two equivalents of OAM component of 4 and 5

for the FW, so theoretically the probabilities of the OAM

FIG. 1. Schematic experimental setup for studying SHG of light beams car-

rying fractional OAM. The setup is comprised of three parts: preparation of

the OAM states, SHG of the fractional OAM states, and measurement of

OAM components. Inset (a) shows the calculated computer holograms for

generating the beams carrying fractional OAM. Inset (b) shows the helical

phase profiles loaded on the second SLM.

FIG. 2. The intensity profiles of the FWs with M¼ 4.5 (a) and M¼ 4.7 (c);

the corresponding intensity profiles of the generated SHs for FW with

M¼ 4.5 (b) and M¼ 4.7 (d).
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components of the generated SH wave at 8 should be greater

than that at 10, taking into account the spatial overlapping inte-

grals of the two processes (Table I). However, in Figure 3(c),

the measured probabilities at 8 was smaller than those at 10,

and this deviation mainly raises from the following two

aspects: first, the transmission efficiency of the aperture will

change for different aperture sizes, thus leading to different

detection efficiencies for different OAM components; second,

there would be phase calibration error of the SLM. Besides,

only four integer OAM components of the input fractional

state are taken into account during numerical calculations,

which will cause some small deviations between the theoreti-

cal and experimental results in Figs. 3(c) and 3(d), respec-

tively. What one should note is that the coefficient in the

coupled wave equations is x3deff

n3c for a degenerate second-order

nonlinear process, while this coefficient should be doubled

for a non-degenerate process,23 and this is the main reason

which leads to a large unequal probability between the compo-

nents 8 (or 10) and 9 of the SH. Following the similar trend,

Figure 3(d) shows that the output SH field has a major compo-

nent at l¼ 10 when M¼ 4.7, while the amplitudes of the other

components are small. This is because the dominant integer

OAM component of the FW is located at m¼ 5, which has a

probability about 5 times larger than the component at m¼ 4.

The results confirm that the fractional OAM state cannot

be regarded as an eigenstate of free space vortex beams. If the

fractional state is the eigenstate of vortex beam, the SH wave

will have a pure integer state for an input FW carrying half-

integer OAM state (e.g., M¼ 4.5). But our experimental results

show that, in addition to the OAM component at the doubled

state 2M, there are some other integer OAM components

which come from the interaction of the infinite components

of the input. In contrast, for the FW carrying non-half-

integer (e.g., M¼ 4.7) OAM, if the topological charge of the

generated SH wave is L¼ 9.4, its projection on l¼ 9 should

have the highest probability according to the equation in Ref.

22. However, both theoretical and experimental results in

Figure 3(d) show a different situation—the highest probability

occurs at the component l¼ 10 instead of at l¼ 9.

To conclude, we have studied the topological charge

transfer during SHG of the incident photons carrying

fractional OAM. Owing to the fact that a fractional OAM

state can be regarded as the superposition of infinite integer

OAM states, we proposed a set of coupled wave equations

to describe the frequency doubling process of the fractional

OAM state, where the mutual interaction of the integer

OAM states were considered. In the experiment, the SHG

was realized in a PPLN crystal, and the OAM components of

the generated SH waves were measured. For the input FW

with a half-integer topological charge M¼ 4.5, the dominant

component of the SH located at l¼ 9, which resulted from

the summing of the two major components m¼ 4 and 5 of

the FW. While the major component of the SH was located

at l¼ 10, which came from the doubling of the major compo-

nent m¼ 5 of the non-half-integer input M¼ 4.7. The experi-

mental results were in good agreement with the theoretical

predictions obtained by numerically solving the coupled

FIG. 3. Theoretical and experimental

OAM spectra of the FW with M¼ 4.5

(a) and M¼ 4.7; theoretical and experi-

mental OAM spectra of the generated

SH waves when the FW carrying

OAM at M¼ 4.5 (c) and 4.7 (d).

TABLE I. Values of spatial overlapping integrals used in the numerical sim-

ulation for different topological charge transfer processes.

Process cð1;2Þ cðj;3Þ

3þ 3! 6 0.5682 0.5701

3þ 4! 7 0.5559 0.5587

3þ 5! 8 0.5465 0.5505

3þ 6! 9 0.5338 0.5391

4þ 4! 8 0.5406 0.5440

4þ 5! 9 0.5296 0.5342

4þ 6! 10 0.5147 0.5203

5þ 5! 10 0.5191 0.5241

5þ 6! 11 0.5043 0.5102

6þ 6! 12 0.4895 0.4964
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wave equations. Our results may lead to better understanding

of nonlinear frequency up-conversions of the fractional

OAM state.

See supplementary material for a detailed derivation of

the coupled wave equations describing second harmonic gen-

eration of the fractional OAM state.
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Stabinis, Opt. Commun. 150, 372 (1998).
17G. Gariepy, J. Leach, K. T. Kim, T. J. Hammond, E. Frumker, R. W.

Boyd, and P. B. Corkum, Phys. Rev. Lett. 113, 153901 (2014).
18D. D. Hickstein, F. J. Dollar, P. Grychtol, J. L. Ellis, R. Knut, C.

Hern�andez-Garc�ıa, D. Zusin, C. Gentry, J. M. Shaw, T. Fan, K. M.

Dorney, A. Becker, A. Jaro�n-Becker, H. C. Kapteyn, M. M. Murnane, and

C. G. Durfee, Nat. Photonics 9, 743 (2015).
19J. Arlt, K. Dholakia, L. Allen, and M. J. Padgett, Phys. Rev. A 59, 3950

(1999).
20S. S. R. Oemrawsingh, X. Ma, D. Voigt, A. Aiello, E. R. Eliel, G. W.

’t Hooft, and J. P. Woerdman, Phys. Rev. Lett. 95, 240501 (2005).
21S. M. Li, L. J. Kong, Z. C. Ren, Y. Li, C. Tu, and H. T. Wang, Phys. Rev. A

88, 035801 (2013).
22J. B. G�otte, S. Franke-Arnold, R. Zambrini, and S. M. Barnett, J. Mod. Opt.

54, 1723 (2007).
23R. W. Boyd, Nonlinear Optics, 3rd ed. (Elsevier, 2010).
24X. P. Hu, P. Xu, and S. N. Zhu, Photonics Res. 1, 171 (2013).
25M. V. Berry, J. Opt. A: Pure Appl. Opt. 6, 259 (2004).
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