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1. Introduction

Non-linear Cherenkov radiation (NCR) may occur when the 
non-linear polarization wave has a faster phase velocity ( ⃗vp) 
than that of a free wave at the harmonic in the medium [1]. In 
recent years, there has been increasing interest in the study of 
NCR in optical materials. Varieties of research on Cherenkov 
second harmonic generation (SHG) [2–7], sum-frequency 
generation (SFG) [8–12] and difference-frequency generation 
[13] have been reported. More recently, Cherenkov third har-
monic generation (CTHG) has also been experimentally real-
ized in both quasi-phase-matched (QPM) waveguide systems 
[14] and bulk photonic crystal systems [15–17]. Considering 
the rather small χ(3) of LiTaO3 or LiNbO3 crystals, in these 
cases, they both adopted two cascaded χ(2) processes to real-
ize such radiations. The difference between these two systems 
is that the fundamental wave and the second harmonic wave 
are non-collinear in bulk crystals, although they are collinear 
in the non-linear waveguide. The waveguide CTHG consists 

of the following two second-order non-linear processes: a 
guided-to-guided SHG process cascaded with a guided-to-
radiated SFG process. In the first waveguide SHG procedure 
between discrete guided modes, the phase-matching con-
dition is strict, and its conversion efficiency can be greatly 
enhanced using QPM structures, thus providing enough sec-
ond harmonic (SH) waves to carry out the cascaded guided-
to-radiated SFG process. The Cherenkov SFG process can be 
automatically phase-matched transversely, and the radiations 
can be modulated by the involved reciprocal vectors. The 
energy of the guided fundamental and SH waves partially gen-
erate a group of third harmonic (TH) radiated modes that emit 
into the substrate. In previous years, some excellent theoreti-
cal works about Cherenkov SHG [18, 19] have been reported. 
However, so far there have been few detailed theoretical stud-
ies on QPM CTHG via two cascaded χ(2) processes.

In this paper, we proposed a simple computational model 
and used the non-linear coupled-mode equations to present a 
detailed study of CTHG, which comprises two cascaded χ(2) 

Laser Physics

Theoretical analysis of Cherenkov third 
harmonic generation via two cascaded χ(2) 
processes in a waveguide

C D Chen1 and X P Hu2

1 College of Science, Nanjing University of Aeronautics and Astronautics, Nanjing 211100,  
People’s Republic of China
2 National Laboratory of Solid State Microstructures, Nanjing University, Nanjing, 210093,  
People’s Republic of China

E-mail: cdchen@nuaa.edu.cn

Received 12 June 2014, revised 4 July 2014
Accepted for publication 5 July 2014
Published 22 August 2014

Abstract
We report a comprehensive numerical study of a type of quasi-phase-matched Cherenkov third 
harmonic generation in a nonlinear waveguide, and this Cherenkov third harmonic generation 
consists of a guided-to-guided second harmonic generation cascaded with a guided-to-radiated 
sum-frequency generation. Following the coupled-mode theory, the temperature-detuning 
characteristics of third harmonic (TH) radiation under different pumping-power densities were 
studied. TH power dependences on interaction length have been discussed as well, which 
includes three situations: without reciprocal vector participating, and forward and backward 
reciprocal vector participating. In addition, we demonstrate that the Cherenkov angle of each 
TH radiation is not sensitive to the temperature variation.

Keywords: waveguide, frequency conversion, nonlinear Cherenkov radiation

(Some figures may appear in colour only in the online journal)

C D Chen and X P Hu

Printed in the UK

105404

lP

© 2014 Astro ltd

2014

24

laser Phys.

lP

1054-660X

10.1088/1054-660X/24/10/105404

Papers

10

laser Physics

Astro Ltd

lW

1054-660X/14/105404+6$33.00

doi:10.1088/1054-660X/24/10/105404Laser Phys. 24 (2014) 105404 (6pp)

mailto:cdchen@nuaa.edu.cn
publisher-id
doi
http://dx.doi.org/10.1088/1054-660X/24/10/105404


C D Chen and X P Hu 

2

procedures in a periodically poled MgO:LiNbO3 planar wave-
guide, with LiNbO3 (LN) as the substrate. Temperature detun-
ing curves at different pump power and TH power dependence 
on interaction length were studied. Other numerical results 
pertaining to CTHG were demonstrated as well.

2. Model and coupled-mode theory

The waveguide configuration is shown in figure 1. The wave-
guide layer is a z-cut 4 μm-thick periodically poled MgO:LN 
with a domain period of 14.6 μm, which has a reversal factor 
of 0.38, and is bonded to another congruent LN substrate. This 
domain-reversed structure is designed for frequency doubling 
of 1342 nm at 115° C. The phase-matching conditions of the 
two cascaded processes in CTHG can be expressed as

⃗ ⃗ ⃗β β+ =ω ωG2 m 2 (1)

for waveguide SHG and

⃗ ⃗ ⃗ ⃗G n k(3 ) (3 ) cos2 n e 0β β ω ω θ+ + =ω ω (2)

for Cherenkov SFG, in which ⃗βω and ⃗β ω2  are the propagation 
constants of TM0 modes of the pump and SH wave, respec-
tively. π= ⋅ ΛG nm( ) 2 /nm( )  is the m(n)th reciprocal vector of 
the periodic structure, ωn (3 )e  is the extraordinary refrac-
tive index of the TH wave in substrate, ⃗k0 is the free-space 
wave vector, and θ is the Cherenkov angle. The pump and 
SH waves are considered to be guided TM modes, and the 
TH waves are in the form of a superposition of substrate TM 
radiation modes.

For this waveguide configuration, the optical field is con-
fined in z-direction and propagates along x-direction. We 
define ωA x( ) and ωA x( )2  as the x-dependent amplitude of 
the guided modes at pump and SH, respectively. Although 
the radiation modes in the waveguide are continuous, the 
special radiated mode has the fixed propagation constant. 
So βω ωA x( , )3 3  is used as the amplitude of the TH radiation 
mode with propagation constant β ω3 . Following the cou-
pled-mode theory, we could get three coupled-wave equa-
tions, as below:
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are the coupling coefficients of waveguide SHG and 
Cherenkov SFG processes, respectively. n1 and n2 are the 
effective refractive indexes of the pump and SH in the wave-
guide, respectively, n3 is the refractive index of the TH in sub-
strate, and g1 and g2 are Fourier coefficients in the SHG and 
SFG processes. Δβ1 and Δβ2 are the phase-mismatching in the 
SHG and CTHG processes, α1, α2 and α3 are the linear power-
loss coefficients of the pump, SH and TH waves. γ1 and γ2 are 
the effective cross-sectional area of waveguide in the guided-
to-guided SHG process and guided-to-radiated SFG process, 
respectively, which could be defined as below:
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in which y is the beam width of the pump; Φ1, Φ2 and Φ3 
are field distributions of the guided pump, SH modes and TH 
radiated mode, respectively. The propagation constants of 
radiation modes are continuum, but the corresponding field 
distribution for a particular radiated mode has a single value 
of propagation constant. Since Cherenkov radiation is auto-
matically phase-matched transversely, the radiated TH can 
fully emit into substrate via an adjustable angle referring to 
Δβ → 02 , which leads to a maximum TH intensity under the 
corresponding conditions.

3. Results and discussion

In the simulations, the crystal length was 10 mm; α1, α2 and 
α3 were set to be 0.002 cm−1, 0.025 cm−1, 0.025 cm−1 [20], 

Figure 1. The waveguide configuration for qui-phase matching 
Cherenkov third harmonic generation. ‘↑’ and ‘↓’ represent the 
positive and negative domains in the periodically-poled waveguide, 
respectively.
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respectively. For CTHG without reciprocal vectors par-
ticipating in SFG process, when the pump power densities 
were set to be 0.2 MW cm−2 and 2 MW cm−2, the tempera-
ture-detuning curves in these two cases had similar trends, 
which are shown in figures 2(a) and (b). We could see that 
the radiated TH intensity increased with the waveguide SH 
intensity, and they both reached the peaks at 115° C. When 
the pump power intensity was increased to 4 MW cm−2, as 
shown in figure  2(c), the TH intensity reached the maxi-
mum at a temperature that was slightly lower than that of 
the SHG, which can be seen more clearly in figure 2(d) at 
a pump power density of 12 MW cm−2. Actually, TH effi-
ciency was affected by the pump and SH power together. 
Although there was a rather high SHG efficiency, seeing 
figure 2(d), the pump power had a large depletion as to cre-
ate a dip of TH power where the SH power was the largest. 
From figures  2(a) to (d), it was found that the bandwidth 
of SH declined gradually with the increase of pump power, 
while TH bandwidths nearly remained unchanged at dif-
ferent pump powers. Considering the case that reciprocal 
vectors were involved in the cascaded process, we also stud-
ied their temperature characteristics of TH, which included 
reciprocal vectors ⃗G1 and −⃗G 1 shown in figure 3. It was found 
that the temperature bandwidth became smaller slightly and 
the other performances were similar to the case without any 
reciprocal vectors.

With a careful observation of figure  2 or figure  3, one 
could see that the TH temperature-detuning curves had no 
bilateral symmetry with the dash lines at 115° C, especially 
in figures  2(c) and (d), which was distinct from that of the 
SH curves. The reason for this asymmetry mainly lay in the 
different overlapping dependences on the temperature. As 

Figure 2. For the case without reciprocal vector involved in Cherenkov sum-frequency generation process, temperature detuning 
curves of the pump, second harmonic and third harmonic waves under different pump power densities: (a) 0.2 MW cm−2, (b) 
2 MW cm−2,(c) 4 MW cm−2 and (d) 12 MW cm−2.

Figure 3. The temperature detuning curves of third harmonic 
radiations at a pumping power of 4 MW cm−2 for three cases: 
without reciprocal vector involved, reciprocal vectors ⃗G1 and −⃗G 1 
involved.

Laser Phys. 24 (2014) 105404



C D Chen and X P Hu 

4

shown in figure  4, the overlapping in waveguide SHG was 
almost immutable with the variances in temperature, so the 
SH temperature-detuning curves were of symmetry with the 
dash lines. However, the overlapping in CTHG, including the 
three cases above, all decreased with the increase in temper-
ature, which resulted in the higher TH efficiency at a lower 
temperature under the same pump and SH power conditions, 
such as 1, 2 in figure 2(c) and 3, 4 in figure 2(d).

Compared with the intensity of TH radiations, Cherenkov 
angles have some distinct characteristics. Theoretically, 
the Cherenkov angle θc

out(out of the crystal) satisfies the 
 equations as below:

⃗ ⃗

⃗ ⃗

k n T k

n T k G

(3 ) ·cos ( , )· ( )

( , 2 )· (2 ) m

c
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in (11)

in which T is defined as temperature; nLN Mg:  and nLN are the 
refractive indices of waveguide layer and substrate, respec-
tively, which are related to the temperature. Based on the 
above equations, we can get the expression of Cherenkov TH 
angle out of the crystal, as below:
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Due to the modulation corresponding to forward reciprocal 
vectors, ⃗vpof the non-linear polarization wave are decreased so 
as to be smaller Cherenkov angles. On the contrary, the modu-
lation corresponding to backward reciprocal vectors effectively 
accelerates the ⃗vp, which results in larger Cherenkov angles. As 
shown in figure 5, all the angles of TH radiations at varieties 
of temperature conditions were calculated via equation  (12), 
which included the cases reciprocal vectors ⃗ ⃗ ⃗− −G G G, ,2 1 1, 
involved and without reciprocal vectors involved. Unlike TH 

intensity, which has a significant relationship with the change 
in temperature, all the Cherenkov angles almost remain the 
same and are insensitive to the temperature variation.

For a given pump power density of 0.2 MW cm−2 and a tem-
perature of 115° C, the three situations of QPM CTHG were 
studied, and the dependences of the TH power on interaction 
length L are shown in figure 6. One could find that at the same 
interaction length, for the two cases with reciprocal vectors 
involved, the TH radiation with ⃗G1 participating always has a 
larger intensity than that of the case using −⃗G 1. Actually, the 
modulation to Cherenkov TH depends on the QPM structure in 
theory. When different reciprocal vectors provided by the struc-
ture are involved, distinct modulated effects can be obtained. 
We derived the efficiency of the generated cascading Cherenkov 
TH from the coupled mode equations, as in the following:

⃗ ⃗ ⃗
η ω β ω β ω

ρ
∝ · · + +

P
G

( ) d d
( ) (2 )

,2
SHG

2
SFG

2 m
 

(13)

Figure 4. The mode overlapping dependences on temperature in waveguide SHG and CTHG processes. For CTHG, it includes the cases 
without reciprocal vector involved, forward and backward reciprocal vectors ⃗G1 and −⃗G 1 involved, respectively.

Figure 5. Cherenkov angles vary with temperature for cases when 
different reciprocal vectors involve in the CTHG process.
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C D Chen and X P Hu 

5

in which ωP( ) is the power of fundamental wave; dSHG and 
dSFG are the effective non-linear coefficients of the two cas-
caded processes, respectively, which are related to the QPM 
structure; ⃗Gm is the involved reciprocal vector; and ρ is 
defined as the wave-number of the corresponding Cherenkov 
TH. The parameterρincreases with the increase of the 
Cherenkov angle, so from equation  (13), we can see that, 
for the Cherenkov TH corresponding to a larger Cherenkov 
angle (the case of backward reciprocal vector involved), the 
efficiency is smaller. On the other hand, the Cherenkov angle 
is larger, which leads to a smaller corresponding effective 
interaction length, so the efficiency of Cherenkov TH should 
be lower as well.

We define Ij, γ1 / 2
j and deff

j  as TH intensity, the mode-

overlapping coefficient and effective non-linear coef-

ficient,  respectively, where j = 0 represents the case 
without  any reciprocal vectors and = ± ±j 1, 2... rep-
resents the case using the jth-order reciprocal vector. 
According to the above analyses, the mode overlapping 
decreases with the increasing of the Cherenkov angle. In 
these three situations, TH radiation with ⃗G1 involved has 
the smallest Cherenkov angle while radiation with −⃗G 1 
involved has the largest one, and the mode overlapping 
follows > >2

1
2
0

2
1γ γ γ−
. Based on our numerical results 

in figure  4, 
2
0γ  is only a little smaller than 

2
1γ , while deff

0  

is much larger than deff
1 . Because Ij increases with the term 

( ) d( ) ,j
eff
j 2

2
2γ ⋅  the TH intensity may follow I > I > I0 1 1− .  

The calculated relative intensity of each TH radiation, 
together with corresponding mode overlapping and effec-
tive non-linear coefficient, are illustrated in table  1. We 
could find that the radiation without reciprocal vector par-
ticipating has the largest intensity, while the intensity of 
the radiation using −⃗G 2 is the weakest; these findings are in 
accordance with the above theoretical discussions.

Based on equations  (3)–(5), Cherenkov TH intensity can 
be expressed as

⎛

⎝
⎜

⎞

⎠
⎟

Δβ
Δβ

κ κ∝ · · · ·ω ωI I L
L

L

sin
3

3 3 1

1

2

1
2

2
2 (14)

which was deduced via non-depletion approximation of the 
fundamental wave and the slowly varying envelope of the 
SH wave. Following equation (14) above, we can see that ωI3  
is proportional to the cubic of non-linear interaction length 
L. It should be pointed out that this characteristic is pecu-
liar to the CTHG process, and is quite different from that 
of the THG in bulk crystals using the same cascaded χ(2) 
processes [21]. As shown in the inset figure at top-left cor-
ner of  figure  6, when L was less than 3 cm, the simulated 
curves were well fitted to our theoretical analysis. If L was 
more than 3 cm, the simulated curves would gradually devi-
ate from theoretical values, because the SHG efficiency 
became higher as L gradually increased, so the non-deple-
tion approximation cannot be used.

4. Conclusion

In conclusion, we have numerically investigated QPM 
CTHG, which comprises two cascaded χ(2) processes in 
a waveguide following coupled-mode theory. At different 
pump powers, the temperature-detuning curves of TH are 
widely different from each other. We also found that the 

Table 1. The relative values of overlapping (γ2), efficient nonlinear 
coefficient (deff) and intensity (I) for each CTHG spot.

  ⃗G1 0 −⃗G 1 −⃗G 2

1/γ2 (a.u.) 1.06 1 0.804 0.161
deff (a.u.) 0.592 1 0.592 0.0904

I (a.u.) 2.82 10 2.44 0.0764

Figure. 6. The simulated results of TH power dependences on interaction length for three situations: forward reciprocal vectors ⃗G1 
involved, without reciprocal vector involved and backward reciprocal vector −⃗G 1 involved. At the top left corner, the inset figure shows the 
fitting curves of the data in the triangular region.
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two sides of the temperature-detuning curves were asym-
metric, which is distinct from the bulk THG process. The 
reason is that the mode overlapping in the CTHG process 
has a strong relationship with the temperature. The output 
TH power dependences on interaction length have been 
discussed as well, which demonstrated that non-deple-
tion approximation is merely available in certain particu-
lar conditions. In addition, the Cherenkov angle of each 
radiated TH was found to be not significantly affected 
by temperature variation. We believe these characteris-
tics demonstrated in the paper would be of help for fur-
ther investigations on QPM CTHG and other non-linear 
Cherenkov processes.
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